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1. Introduction
In 1976, Caristi [1] defined an order relation in a metric space by using a functional, and proved a fixed point theorem
for such an ordered metric space. The order relation is defined as follows.
Lemma 1. Let (X, d) be a metric space, ϕ : X → R be a functional. Define the relation ‘‘≤’’ on X by
x ≤ y⇔ d(x, y) ≤ ϕ(x)− ϕ(y).
Then ‘‘≤’’ is a partial order relation on X introduced by ϕ and (X,≤) is called an orderedmetric space introduced by ϕ. Apparently
if x ≤ y then ϕ(x) ≥ ϕ(y).
Since then many authors have discussed the existence of a fixed point, a common fixed point and coupled fixed points.
Lakshmikantham and Ciric [2], O’Regan and Petrusel [3] and Ciric, Cakic, Rajovic and Ume [4] proved some fixed point
theorems formappingswith some contractive conditions in orderedmetric spaces. Gnana Bhaskar and Lakshmikantham [5]
and Zhang [6] proved some fixed point and coupled fixed point theorems for mappings with monotone conditions. In this
work, we shall prove some fixed point and coupled fixed point theorems for multivalued mappings with some monotone
conditions in ordered metric spaces.
Let (X,≤) be an ordered metric space. For x, y ∈ X , we set the ordered interval
[x, y] = {z ∈ X | x ≤ z ≤ y};
(−∞, x] = {z ∈ X | z ≤ x};
[x,+∞) = {x ∈ X | x ≤ z}.
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2. The fixed point theorems of multivalued mappings
Theorem 1. Let (X, d) be a completemetric space,ϕ : X → R be a function bounded below, and ‘‘≤’’ be the order in X introduced
by ϕ. Let F : X → 2X be a multivalued mapping and M = {x ∈ X | F(x) ∩ [x,+∞) 6= ∅}. Suppose that:
(i) F is upper semi-continuous, that is, xn ∈ X and yn ∈ F(xn), with xn → x0 and yn → y0, implies y0 ∈ F(x0);
(ii) for each x ∈ M, F(x) ∩M ∩ [x,+∞) 6= ∅;
(iii) M 6= ∅.
Then F has a fixed point x∗. And there exists a sequence {xn} with
xn−1 ≤ xn ∈ F(xn−1), n = 1, 2, 3, . . .
such that xn → x∗. Moreover if ϕ is lower semi-continuous, then xn ≤ x∗ for all n.
Proof. By the condition (iii), take x0 ∈ M . From (ii), there exist x1 ∈ F(x0) ∩ M and x0 ≤ x1. Again from (ii), there exist
x2 ∈ F(x1) ∩M and x1 ≤ x2. Continuing this procedure we get a sequence {xn} satisfying
xn−1 ≤ xn ∈ F(xn−1), n = 1, 2, 3, . . . .
So
ϕ(xn−1) ≥ ϕ(xn), for all n.
Since ϕ is bounded from below, {ϕ(xn)} is a convergent sequence. By the definition of ‘‘≤’’,
d(xn, xm) ≤ ϕ(xn)− ϕ(xm), for n < m.
So {xn} is a Cauchy sequence. Since X is complete, let {xn} converges to x∗. Since F is upper semi-continuous, x∗ ∈ F(x∗).
Moreover when ϕ is lower semi-continuous, for each n
d(xn, x∗) = lim
m→∞ d(xn, xm) ≤ lim supm→∞ (ϕ(xn)− ϕ(xm))
= ϕ(xn)− lim inf
m→∞ ϕ(xm) ≤ ϕ(xn)− ϕ(x
∗).
So xn ≤ x∗, for all n. 
Similarly we can prove the following.
Theorem 2. Let (X, d) be a complete metric space, ϕ : X → R a function bounded above, and ‘‘≤’’ the order introduced by ϕ.
Let F : X → 2X be a multivalued mapping and M = {x ∈ X | F(x) ∩ (−∞, x] 6= ∅}. Suppose that:
(i) F is upper semi-continuous;
(ii) for each x ∈ M, F(x) ∩M ∩ (−∞, x] 6= ∅;
(iii) M 6= ∅.
Then F has a fixed point x∗. And there exists a sequence {xn} with
xn−1 ≥ xn ∈ F(xn−1), n = 1, 2, 3, . . .
such that xn → x∗. Moreover if ϕ is upper semi-continuous, then x∗ ≤ xn for all n.
Corollary 1. Let (X, d) be a complete metric space, ϕ : X → R a function bounded below, and ‘‘≤’’ the order introduced by ϕ.
Let F : X → 2X be a multivalued mapping. Suppose that:
(i) F is upper semi-continuous;
(ii) F satisfies the monotonic condition: for any x, y ∈ X with x ≤ y and any u ∈ F(x), there exists v ∈ F(y) such that u ≤ v;
(iii) there exists an x0 ∈ X such that F(x0) ∩ [x0,+∞) 6= ∅.
Then F has a fixed point x∗. And there exists a sequence {xn} with
xn−1 ≤ xn ∈ F(xn−1), n = 1, 2, 3, . . .
such that xn → x∗. Moreover if ϕ is lower semi-continuous, then xn ≤ x∗ for all n.
Proof. By (iii), x0 ∈ M = {x ∈ X |F(x) ∩ [x,+∞) 6= ∅}. For x ∈ M , take y ∈ F(x) and x ≤ y. By the monotonicity of F , there
exists z ∈ F(y) such that y ≤ z. So y ∈ M , and F(x) ∩M ∩ [x,+∞) 6= ∅. The conclusion follows from Theorem 1. 
Corollary 2. Let (X, d) be a complete metric space, ϕ : X → R a function bounded above, and ‘‘≤’’ the order introduced by ϕ.
Let F : X → 2X be a multivalued mapping. Suppose that:
(i) F is upper semi-continuous;
(ii) F satisfies the monotonic condition: for any x, y ∈ X with x ≤ y and any v ∈ F(y), there exists u ∈ F(x) such that u ≤ v;
(iii) there exists an x0 ∈ X such that F(x0) ∩ (−∞, x0] 6= ∅.
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Then F has a fixed point x∗. And there exists a sequence {xn} with
xn−1 ≥ xn ∈ F(xn−1), n = 1, 2, 3, . . .
such that xn → x∗. Moreover if ϕ is upper semi-continuous, then xn ≥ x∗ for all n.
Corollary 3. Let (X, d) be a complete metric space, ϕ : X → R a function bounded below, and ‘‘≤’’ the order introduced by ϕ.
Let f : X → X be a map and M = {x ∈ X |x ≤ f (x)}. Suppose that:
(i) f is continuous;
(ii) for each x ∈ M, f (x) ∈ M;
(iii) M 6= ∅.
Then f has a fixed point x∗. And the sequence
xn−1 ≤ xn = f (xn−1), n = 1, 2, 3, . . .
converges to x∗. Moreover if ϕ is lower semi-continuous, then xn ≤ x∗ for all n.
Corollary 4. Let (X, d) be a complete metric space, ϕ : X → R a function bounded above, and ‘‘≤’’ the order introduced by ϕ.
Let f : X → X be a map and M = {x ∈ X |x ≥ f (x)}. Suppose that:
(i) f is continuous;
(ii) for each x ∈ M, f (x) ∈ M;
(iii) M 6= ∅.
Then f has a fixed point x∗. And the sequence
xn−1 ≥ xn = f (xn−1), n = 1, 2, 3, . . .
converges to x∗. Moreover if ϕ is upper semi-continuous, then xn ≥ x∗ for all n.
Corollary 5. Let (X, d) be a complete metric space, ϕ : X → R a function bounded below, and ‘‘≤’’ the order introduced by ϕ.
Let f : X → X be a map. Suppose that:
(i) f is continuous;
(ii) f is monotone increasing, that is, for x ≤ y we have f (x) ≤ f (y);
(iii) there exists an x0, with x0 ≤ f (x0).
Then f has a fixed point x∗. And the sequence
xn−1 ≤ xn = f (xn−1), n = 1, 2, 3, . . .
converges to x∗. Moreover if ϕ is lower semi-continuous, then xn ≤ x∗ for all n.
Corollary 6. Let (X, d) be a complete metric space, ϕ : X → R a function bounded above, and ‘‘≤’’ the order introduced by ϕ.
Let f : X → X be a map. Suppose that:
(i) f is continuous;
(ii) f is monotone increasing;
(iii) there exists an x0 with x0 ≥ f (x0).
Then f has a fixed point x∗. And the sequence
xn−1 ≥ xn = f (xn−1), n = 1, 2, 3, . . .
converges to x∗. Moreover if ϕ is upper semi-continuous, then xn ≥ x∗ for all n.
Theorem 3. Let (X, d) be a complete metric space, ϕ : X → R a continuous function bounded below and ‘‘≤’’ the order intro-
duced by ϕ. Let F : X → 2X be a multivalued mapping. Suppose that:
(i) F satisfies the monotonic condition: for each x ≤ y and each u ∈ F(x) there exists v ∈ F(y) such that u ≤ v;
(ii) F(x) is compact for each x ∈ X;
(iii) M = {x ∈ X |F(x) ∩ [x,+∞) 6= ∅} 6= ∅.
Then F has a fixed point x0.
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Proof. We shall prove thatM has a maximum element. Let {xν}ν∈Λ be a totally ordered subset inM , whereΛ is a directed
set. For ν, µ ∈ Λ and ν ≤ µ, one has xν ≤ xµ, which implies that ϕ(xν) ≥ ϕ(xµ) for ν ≤ µ. Since ϕ is bounded below,
{ϕ(xν)} is a convergence net in R. From d(xν, xµ) ≤ φ(xν)−ϕ(xµ), we get that {xν} is a Cauchy net in X . By the completeness
of X , let xν converge to z in X .
For given µ ∈ Λ
d(xµ, z) = lim
ν
d(xµ, xν) ≤ lim
ν
(ϕ(xµ)− ϕ(xν)) = ϕ(xµ)− ϕ(z).
So xµ ≤ z for all µ ∈ Λ.
For µ ∈ Λ, by the condition (i), for each uµ ∈ F(xµ), there exists a vµ ∈ F(z) such that uµ ≤ vµ. By the compactness of
F(z), there exists a convergence subnet {vµ′} of {vµ}. Suppose that {vµ′} converges to w ∈ F(z). TakeΛ′ such that µ′ ≥ Λ′
implies uµ ≤ vµ ≤ vµ′ . We have
d(uµ, w) = lim
µ′
d(uµ, vµ′) ≤ lim
µ′
(ϕ(uµ)− ϕ(vµ′)) = ϕ(uµ)− ϕ(w).
So uµ ≤ w for all µ. And
d(z, w) = lim
µ
d(uµ, w) ≤ lim
µ
(ϕ(uµ)− ϕ(w)) = ϕ(z)− ϕ(w).
So z ≤ w and this gives that z ∈ M . Hence we have proven that {xµ} has an upper bound inM .
By Zorn’s Lemma, there exists a maximum element x0 in M . By the definition of M , there exists a y0 ∈ F(x0) such that
x0 ≤ y0. By the condition (i), there exists a z0 ∈ F(y0) such that y0 ≤ z0. Hence y0 ∈ M . Since x0 is the maximum element in
M , it follows that y0 = x0 and x0 ∈ F(x0). So x0 is a fixed point of F . 
Theorem 4. Let (X, d) be a complete metric space, ϕ : X → R a continuous function bounded above and ‘‘≤’’ the order intro-
duced by ϕ. Let F : X → 2X be a multivalued mapping. Suppose that:
(i) F satisfies the following condition: for each x ≤ y and v ∈ F(x), there exists u ∈ F(y) such that u ≤ v;
(ii) F(x) is compact for each x ∈ X;
(iii) M = {x ∈ X |F(x) ∩ (−∞, x] 6= ∅} 6= ∅.
Then F has a fixed point.
Corollary 7. Let (X, d) be a complete metric space, ϕ : X → R a continuous function bounded below and ‘‘≤’’ the order intro-
duced by ϕ. Let f : X → X be a map. Suppose that:
(i) f is monotone increasing, that is for x ≤ y, f (x) ≤ f (y);
(ii) there is an x0 ∈ X such that x0 ≤ f (x0).
Then f has a fixed point.
Corollary 8. Let (X, d) be a complete metric space, ϕ : X → R a continuous function bounded above and ‘‘≤’’ the order intro-
duced by ϕ. Let f : X → X be a map. Suppose that:
(i) f is monotone increasing;
(ii) there is an x0 ∈ X such that x0 ≥ f (x0).
Then f has a fixed point.
3. The coupled fixed point theorems of multivalued mappings
Theorem 5. Let (X, d) be a completemetric space,ϕ : X → R be a function bounded below, and ‘‘≤’’ be the order in X introduced
by ϕ. Let F : X × X → 2X be a multivalued mapping and M = {(x, y) ∈ X × X | x ≤ y and F(x, y) ∩ [x,+∞) 6= ∅ and
F(y, x) ∩ (−∞, y] 6= ∅}. Suppose that:
(i) F is upper semi-continuous, that is, xn ∈ X, yn ∈ X and zn ∈ F(xn, yn), with xn → x0, yn → y0, and zn → z0 implies
z0 ∈ F(x0, y0);
(ii) for each (x, y) ∈ M, there is (u, v) ∈ M such that u ∈ F(x, y) ∩ [x,+∞) and v ∈ F(y, x) ∩ (−∞, y];
(iii) M 6= ∅.
Then F has a coupled fixed point (x∗, y∗), i.e. x∗ ∈ F(x∗, y∗) and y∗ ∈ F(y∗, x∗). And there exist two sequences {xn} and {yn}
with
xn−1 ≤ xn ∈ F(xn−1, yn−1), yn−1 ≥ yn ∈ F(yn−1, xn−1), n = 1, 2, 3, . . .
such that xn → x∗ and yn → y∗.
X. Zhang / Applied Mathematics Letters 23 (2010) 235–240 239
Proof. By the condition (iii), take (x0, y0) ∈ M . From (ii), there exist (x1, y1) ∈ M such that x1 ∈ F(x0, y0), x0 ≤ x1 and
y1 ∈ F(y0, x0), y1 ≤ y0. Again from (ii), there exist (x2, y2) ∈ M such that x2 ∈ F(x1, y1), x1 ≤ x2 and y2 ∈ F(y1, x1), y2 ≤ y1.
Continuing this procedure we get two sequences {xn} and {yn} satisfying (xn, yn) ∈ M and
xn−1 ≤ xn ∈ F(xn−1, yn−1), n = 1, 2, 3, . . . ,
and
yn−1 ≥ yn ∈ F(yn−1, xn−1), n = 1, 2, 3, . . . .
So
x0 ≤ x1 ≤ · · · ≤ xn ≤ · · · ≤ yn ≤ · · · ≤ y2 ≤ y1.
Hence
ϕ(x0) ≥ ϕ(x1) ≥ · · · ≥ ϕ(xn) ≥ · · · ≥ ϕ(yn) ≥ · · · ≥ ϕ(y1) ≥ ϕ(y0).
From this we get that ϕ{xn} and ϕ{yn} are convergent sequences. By the definition of ‘‘≤’’, as in the proof of Theorem 1, it is
easy to prove that {xn} and {yn} are Cauchy sequences. Since X is complete, let {xn} converge to x∗ and {yn} converge to y∗.
Since F is upper semi-continuous, x∗ ∈ F(x∗, y∗) and y∗ ∈ F(y∗, x∗). Hence (x∗, y∗) is a coupled fixed point of F . 
Corollary 9. Let (X, d) be a completemetric space,ϕ : X → R be a function bounded below, and ‘‘≤’’ be the order in X introduced
by ϕ. Let f : X × X → X be a mapping and M = {(x, y) ∈ X × X | x ≤ y and x ≤ f (x, y) and f (x, y) ≤ y}. Suppose that:
(i) f is continuous;
(ii) for each (x, y) ∈ M, x ≤ f (x, y) and f (y, x) ≤ y;
(iii) M 6= ∅.
Then f has a coupled fixed point (x∗, y∗), i.e. x∗ = f (x∗, y∗) and y∗ = f (y∗, x∗). And there exist two sequences {xn} and {yn}
with
xn−1 ≤ xn = f (xn−1, yn−1), yn−1 ≥ yn = f (yn−1, xn−1), n = 1, 2, 3, . . .
such that xn → x∗ and yn → y∗.
Corollary 10. Let (X, d) be a complete metric space, ϕ : X → R be a function bounded below, and ‘‘≤’’ be the order in X
introduced by ϕ. Let f : X × X → X be a mapping and M = {(x, y) ∈ X × X | x ≤ y and x ≤ f (x, y) and f (x, y) ≤ y}. Suppose
that:
(i) f is continuous;
(ii) f is mixed monotone, that is for x1 ≤ x2 and y1 ≥ y2, f (x1, y1) ≤ f (x2, y2);
(iii) M 6= ∅.
Then f has a coupled fixed point (x∗, y∗). And there exist two sequences {xn} and {yn} with
xn−1 ≤ xn = f (xn−1, yn−1), yn−1 ≥ yn = f (yn−1, xn−1), n = 1, 2, 3, . . .
such that xn → x∗ and yn → y∗.
Theorem 6. Let (X, d) be a complete metric space, ϕ : X → R be a continuous function, and ‘‘≤’’ be the order in X introduced
by ϕ. Let F : X × X → 2X be a multivalued mapping and M = {(x, y) ∈ X × X | x ≤ y and F(x, y) ∩ [x,+∞) 6= ∅ and
F(y, x) ∩ (−∞, y] 6= ∅}. Suppose that:
(i) F is mixed monotone, that is for x1 ≤ y1, x2 ≥ y2 and u ∈ F(x1, y1), v ∈ F(y1, x1), there exist w ∈ F(x2, y2), z ∈ F(y2, x2)
such that u ≤ w, v ≥ z;
(ii) F(x, y) is compact for each (x, y) ∈ X × X;
(iii) M 6= ∅.
Then F has a coupled fixed point.
Proof. By (iii), there exists (x0, y0) ∈ M with x0 ≤ y0, F(x0, y0) ∩ [x0,+∞) 6= ∅ and F(y0, x0) ∩ (−∞, y0] 6= ∅. Let
C = {(x, y) | x0 ≤ x, y ≤ y0, F(x, y) ∩ [x,+∞) 6= ∅} and F(y, x) ∩ (−∞, y] 6= ∅. Then (x0, y0) ∈ C . Define the order
relation ‘‘≤’’ in C by
(x1, y1) ≤ (x2, y2)⇔ x1 ≤ x2, y2 ≤ y1.
It is easy to prove that (C,≤) becomes an ordered space.
We shall prove that C has a maximum element. Let {xν, yν}ν∈Λ be a totally ordered subset in C , whereΛ is a directed set.
For ν, µ ∈ Λ and ν ≤ µ, one has (xν, yν) ≤ (xµ, yµ). So xν ≤ xµ and yµ ≤ yν , which implies that
ϕ(x0) ≥ ϕ(xν) ≥ ϕ(xµ) ≥ ϕ(y0)
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and
ϕ(y0) ≤ ϕ(yµ) ≤ ϕ(yν) ≤ ϕ(x0)
for ν ≤ µ.
Hence {ϕ(xν)} and {ϕ(yν)} are convergence nets in R. From d(xν, xµ) ≤ φ(xν) − ϕ(xµ) and d(yµ, yν) ≤ φ(yµ) − ϕ(yν),
we get that {xν} and {yν} are Cauchy nets in X . By the completeness of X , let xν converge to x∗ and yν converge to y∗ in X .
For given µ ∈ Λ,
d(xµ, x∗) = lim
ν
d(xµ, xν) ≤ lim
ν
(ϕ(xµ)− ϕ(xν)) = ϕ(xµ)− ϕ(x∗)
d(yµ, y∗) = lim
ν
d(yµ, yν) ≤ lim
ν
(ϕ(yν)− ϕ(yµ)) = ϕ(yν)− ϕ(y∗).
So x0 ≤ xµ ≤ x∗ and yµ ≥ y∗ ≥ y0 for all µ ∈ Λ.
For µ ∈ Λ, by the condition (i), for each uµ ∈ F(xµ, yµ) with xµ ≤ uµ and vµ ∈ F(yµ, xµ) with vµ ≤ yµ, there exist
wµ ∈ F(x∗, y∗) and zµ ∈ F(y∗, x∗) such that uµ ≤ wµ and vµ ≥ zµ. By the compactness of F(x∗, y∗) and F(y∗, x∗), there exist
convergence subnets {wµ′} of {wµ} and {zµ′} of {zµ}. Suppose that {wµ′} converges tow ∈ F(x∗, y∗) and {zµ′} converges to
z ∈ F(y∗, x∗). TakeΛ′, such that µ′ ≥ Λ′ implies uµ ≤ vµ ≤ vµ′ . We have
d(uµ, w) = lim
µ′
d(uµ, uµ′) ≤ lim
µ′
(ϕ(uµ)− ϕ(uµ′)) = ϕ(uµ)− ϕ(w)
d(z, vµ) = lim
µ′
d(vµ′ , vµ) ≤ lim
µ′
(ϕ(vµ′)− ϕ(vµ)) = ϕ(z)− ϕ(vµ).
So xµ ≤ uµ ≤ w and z ≤ vµ ≤ yµ for all µ. And
d(x∗, w) = lim
µ′
d(xµ′ , uµ′) ≤ lim
µ
(ϕ(xµ′)− ϕ(uµ′)) = ϕ(x∗)− ϕ(w)
d(z, y∗) = lim
µ′
d(vµ′ , yµ′) ≤ lim
µ′
(ϕ(vµ′)− ϕ(yµ′)) = ϕ(z)− ϕ(y∗).
So x∗ ≤ w and z ≤ y∗, this gives that (x∗, y∗) ∈ C . Hence we have proven that {xµ, yµ}µ∈Λ has an upper bound in C .
By Zorn’s Lemma, there exists a maximum element (x¯, y¯) in C . By the definition of C , there exist u¯ ∈ F(x¯, y¯), v¯ ∈ F(y¯, x¯),
such that x0 ≤ u¯, v¯ ≤ y0 and x¯ ≤ u¯, v¯ ≤ y¯. By the condition (i), there exist w¯ ∈ F(u¯, v¯), z¯ ∈ F(v¯, u¯) such that x0 ≤ u¯ ≤ w¯
and z¯ ≤ v¯ ≤ y0. Hence (u¯, v¯) ∈ C and (x¯, y¯) ≤ (u¯, v¯). Since (x¯, y¯) is maximum element in C , it follows that (x¯, y¯) = (u¯, v¯),
and it follows that x¯ = u¯ ∈ F(x¯, y¯) and y¯ = v¯ ∈ F(y¯, x¯). So (x¯, y¯) is a coupled fixed point of F . 
Corollary 11. Let (X, d) be a complete metric space, ϕ : X → R be a continuous function, and ‘‘≤’’ be the order in X introduced
by ϕ. Let f : X × X → X be a mapping. Suppose that:
(i) f is mixed monotone, that is for x1 ≤ y1, x2 ≥ y2, F(x1, y1) ≤ F(y2, x2);
(ii) there exist x0, y0 ∈ X such that x0 ≤ f (x0, y0) and f (y0, x0) ≤ y0.
Then f has a coupled fixed point.
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